Introduction
When two bodies slide against each other, the frictional heat generated causes a nonuniform temperature field and hence thermoelastic distortion, which in turn affects the contact pressure distribution. If the sliding speed is sufficiently high, this process can be unstable, leading to localization of the contact load in a small region of the nominal contact area and high local temperatures. This phenomenon is known as frictionally-excited thermoelastic instability or TEI (Barber, 1967; Dow and Burton, 1972) and is of critical importance in the design of high performance brakes (Thoms, 1988; Anderson and Knapp, 1989; Kennedy and Ling, 1974) . Burton et al. (1973) determined the critical sliding speed for instability in the sliding of two half-planes by examining the conditions under which a small sinusoidal perturbation on the nominally uniform steady state can grow exponentially in time. Their results can be used to obtain a first estimate of the critical speed for practical systems such as brakes, but the more complex finite geometry of these systems might be expected to have a significant effect on the behavior (Lee and Barber, 1993a) .
In particular, if the two sliding surfaces are not coextensive, one of them will generally experience intermittent sliding contact. For example, in an automotive disk brake, the brake pads do not cover the entire disk surface and hence points on the braking surfaces of the disk will experience periods of contact alternating with periods of separation. Barber et al. (1985) , in an analysis of thermoelastic instability in railway brakes, attempted to allow for this effect by averaging the heat input over the circumference. Their approximation was based on the argument that the thermal transient for the system is generally much longer that the period of one revolution, so that changes in thermal distortion during a single cycle are small. However, this hypothesis has never been verified by analysis of any intermittent contact system, nor are there any data suggesting what will happen if the period of intermittent contact is not long enough for the approximation to be appropriate.
The present paper is devoted to the exploration of this question in the simplest possible system-the contact of a thinwalled cylinder against a rigid plane.
Statement of the Problem
We consider a special case of the system investigated by Burton et al. (1973) in which the flat end y = 0 of a thin-walled cylinder of radius a is pressed against a rigid nonconducting plane surface by an axial force, such that the uniform nominal contact pressure is p 0 . The cylinder rotates about its axis such that the sliding speed at the interface is V and the resulting frictional heat all passes into the conducting cylinder, i.e.,
where T (x, y, t) is the temperature in the cylinder, /is the coefficient of friction, x -ad is a coordinate describing the circumferential position around the interface, t is time, and K is the thermal conductivity of the material. In the steady-state, this problem has a trivial axisymmetric solution with uniform contact pressure, but there exists a critical speed V c above which this state is unstable and a sinusoidal perturbation in pressure of the form p x cos (mx) can grow exponentially in time. Burton et al. (1973) (Eq. (24) 
where the material constant 77 is defined as Ea for plane stress and Ea/(1 -v) for plane strain, E, v, a being Young's modulus, Poisson's ratio and the coefficient of thermal expansion, respectively. We should note that Burton's analysis assumes that the cylinder is sufficiently thin for plane stress conditions to apply and also makes the simplifying approximation of neglecting the mechanical effect of the tangential contact tractions on the normal surface displacement-a simplification that we shall also use in the present paper. The magnitude of this effect was explored by Lee and Barber (1993b) and found to be generally small when one body is a nonconductor.
Equation (2) shows that long wavelength (small m) perturbations become unstable at lower speeds and hence determine the stability of the system. For the cylinder of radius a, the wavenumber m must be of the form m = ila where i is an integer and hence the first perturbation to become unstable corresponds to i = 1 and m = \la. Now suppose that the frictional heating is intermittent, with contact periods of duration t x alternating with separation periods of duration t 2 • The total period of the process is denoted by t a , i.e.,
to -t\ + u (3)
If V > V c , a perturbation will grow during t lt but will decay again during the following separation period and the stability of the system depends on the sequential effect of these two processes. In particular, the stability boundary-i.e., the speed Vj", at which the intermittent process becomes unstable-is defined by the condition that the growth and decay processes are exactly self-canceling, so that a steady-state periodic perturbation is possible at the frequency of the process. This limiting condition can be defined by the boundaiy conditions for 0 < t < t 2 ,
for t 2 < t < t 0 , where u y (x, 0, t) is the normal surface displacement, and the periodic initial condition
The condition (4) states that no heat loss occurs at the exposed interface during the separation period. A more general boundary condition permitting radiation to the environment during this period could be used here, if desired. Notice that the contact problem during t 2 < t < t 0 is a coupled thermomechanical problem requiring both thermal and mechanical conditions, whereas the separation period involves the solution of a heat conduction problem only.
2.1 Strategy. Two methods might be envisaged for the solution of the boundary-value problem of Eqs. (4)-(7). One is to consider contact and separation as separate processes; develop the most general solution for each, and then impose continuity of temperature at the transition points t = t 2 , t = t 0 in combination with the periodic condition (7). The other is to recognize the periodic nature of the whole process and seek a solution valid in both regimes as a Fourier series in time, determining the corresponding coefficients from the complete set of mixed boundary conditions. The probable efficiency of these methods depends on the time scale of the thermal transient relative to t 0 . Barber et al. (1985) suggest that the fluctuation in temperature field during one cycle will be small if t a is sufficiently small, in which case the Fourier series method should converge well. Defining an effective Fourier number as
where k is the thermal diffusivity, we conclude that the Fourier series is most appropriate when Fo ^ 1. At the other extreme, when the period is very long, the temperature excursion during each cycle will be large and will probably deviate significantly from a sine wave in time, requiring large numbers of Fourier terms.
For practical braking systems, the Fourier number defined by Eq. (8) is generally small, so it is appropriate to consider first the Fourier series method. An approximation appropriate for large Fourier number will then be developed in Section 4.
Fourier Series Solution
The temperature field in the cylinder must satisfy the transient heat conduction equation
We restrict attention to perturbations which vary with x according to cos {mx), recognizing (i) that a more general perturbation can be described by superposition of such terms and (ii) that the stability of the whole system will be determined by the first such term to go unstable-probably that with the largest permissible wavelength, which corresponds torn = 1 la.
We seek the solution to the problem of Eqs. (4)- (7) 
and A,-, B, are complex coefficients to be determined from the boundary conditions. We adopt the convention that \ denotes the root of (12) 
( 15) where the Fourier number Fo is defined in Eq. (8).
The condition that temperature should be bounded as y -> °° then requires that A, be zero, permitting the temperature field (10) to be written
The remaining coefficients fi, must be chosen to satisfy the boundaiy conditions (4-6). Before this can be done, we must solve a thermoelasticity problem to determine the contact pressure distribution p(x) required to satisfy the mechanical contact condition (6). We show in the Appendix that the contact pressure p(x) associated with an instantaneous temperature field T",(y) cos (mx) is defined through the equation
Substituting this result into (5), using (16) 
Substituting this expression into (18), and expanding to separate out the real parts, we obtain 
[-47r/i?, -sin (4TT^2)] for j = ;
3.1 Results. Equations (21) - (23) The stability boundary is determined by the lowest eigenvalue of the system of equations.
Numerical results were obtained for a range of conditions and are shown as functions of R { for various Fo in Fig. 1 . Convergence of the solution was ensured by increasing the truncation limit N until no further change occurred in the 4th significant digit of the first eigenvalue. As predicted in Section 2 above, the algorithm is very convergent for small Fo, requiring only 3 terms in each series for Fo < 0.1. At sufficiently small Fo, the first constant term C 0 is sufficient for convergence and the relationship between V * and R^ takes the limiting form V*=-
corresponding to the straight line labeled Fo = 0 in Fig. 1 . This is precisely the relationship obtained from the approximation of Barber et al. (1985) . In other words, the critical speed is the same as that for a system in continuous contact with the heat input rate replaced by the average rate during the intermittent process. More detailed numerical studies show that for Fourier numbers in the range 0 < Fo < 0.1, the critical speed never differs from that predicted by Eq. (29) by more than 1 percent. All results in this range lie in the small region between the curves for Fo = 0 and Fo = 0.1 in Fig. 1 . This suggests the more general conclusion that the use of the average heat input to estimate critical sliding speeds in intermittent processes can be expected to give good results for Fourier numbers lower than 0.1.
The number of terms required for convergence of the Fourier series algorithm increases rapidly with Fo and numerical considerations essentially restrict the usable range to Fo < 10. This range is likely to include most practical tribological applications, but for completeness, it is of interest to explore the solution of the problem in the limit of large Fo. This is done in the next section.
Limiting Solution for Large Fourier Number
When the Fo > 1, the time scale of the intermittent process is much longer than the thermal transient of the system and it is more efficient to analyse the contact and separation periods separately and apply matching conditions at the transitions.
As a preliminary to this analysis, we note that the temperature field T{x, y, t) = R{A exp{bt -\y)} cos (mx) satisfies the heat conduction Eq. (9) provided We note from Eq. (31) that X is pure imaginary if b < -km 2 . In this case, the argument of A can always be chosen to satisfy (33), but the resulting temperature field decays with time. However, if b > -km 2 , X. is real and Eq. (33) is satisfied only for a particular value of X. corresponding to
where V 0 is the dimensionless critical speed for continuous contact, given by (24). Unstable growth can only occur when (34) defines a positive value of b * and, after an initial transient period, the temperature field will come to be dominated by the eigenfunction associated with this unstable mode. Furthermore, if Fo > 1, the initial period will be a small fraction of the cycle, since ex hypothesi, the thermal transient is rapid in comparison with the period of the process. Thus, in this limit, Eqs. (30), (32), (34) define a good approximation to the evolution of the temperature field and the contact pressure.
The Separation Period.
The temperature field (30) can also be made to satisfy the separation boundary condition (4), by choosing A to be an arbitrary real constant and restricting b to the range b < -km 2 . A more general temperature field satisfying this condition can therefore be written as the transform
which can be recast as a Fourier transform by the change of variable
implying that X = j(,, from Eq. (31). The temperature field (35) can then be written
where we define 5(0 = *4(0£-
Continuity Conditions.
The temperature field at the beginning of the separation period must equal that at the end of the contact period. In other words,
where T t is given by (30) and T 2 by (37). Substituting these expressions and canceling the cos (mx) term, we obtain
Solving for 5(0. we have
At the other transition-from separation to contact-we would ideally like to enforce a similar condition, but this would involve the generation of an exact description of the short transient period before the unstable eigenfunction comes to dominate the field. Instead, we approximate this continuity condition by demanding that the contact pressure be continuous, i.e.,
In view of the integral relation (A14) between contact pressure and temperature, this can be seen as a weak form of the corresponding temperature continuity condition.
The contact pressure at the beginning of the contact period, Pi(x, 0), can be obtained by setting t = 0 in Eq. (32). The corresponding value at the end of the separation period, p 2 (x, t 2 ) can be obtained by setting t -t 2 in Eq. (38) and substituting the resulting temperature distribution into (A14). After performing the integration with respect to y, we obtain We then substitute for 5(0 from (40) and perform the integration with respect to £, with the result
Characteristic Equation.
Finally, we obtain the characteristic equation for the critical value of V * by substituting Eqs. (42), (43) 
The right-hand side of this equation is dominated by the exponential term, which is very small ifb*Rx < R 2 and very large if b*Rt > R 2 . It follows that the limiting solution as Fo -» «> is b* = R}/R 2 , which, using (34), implies
For large but finite Fourier numbers, Eq. (44) can be solved numerically for b'*, after which V* can be recovered from Eq. (34). We note that the slope of the function is very large near the solution point, which can create numerical difficulties if a slope-based iterative technique is used. 
Conclusions
The entire range of Fourier numbers is covered by one or other of the two methods treated in Sections 3 and 4 and the results obtained show that Fourier number has a relatively modest effect on the critical speed for instability during intermittent contact. All the results lie between the low and high Fourier number limits defined by Eqs. (29), (46), respectively, and these two limiting predictions never differ by more than a factor of 2 for a given value of Ri.
For most engineering applications, the Fourier number is relatively low and Eq. (29) will give a good estimate for the critical speed. Use of this relation is equivalent to making the approximation introduced by Barber et al. (1985) , according to which the intermittent process is reduced to one of continuous contact, with a heat input equal to the average over the contact and separation cycle. This approximation overestimates the critical speed and hence is not conservative, but the error is always less than 1 percent for Fo < 0.1. 
It follows that both the boundary conditions u y (x, 0) = 0; a xy (x, 0) = 0 (A12) can be satisfied by requiring/' (0) = 0. In addition, we require that the tractions and hence/(y) be bounded as y -».0. Using these two conditions to determine the constants A, B, we obtain Finally, substituting (A3) into (A6),(A2),(All),we obtain the complete stress and displacement fields in the body and in particular we find that the contact pressure r p(x) = ~a y y{x, 0) = rjm cos (mi) e " ,s T m (s)ds (A14) which is the required result.
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